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Abstract 

I consider the generic model independent predictions of the theory of quantum 
cosmological perturbations. To describe the stage of cosmic inflation, where 
these perturbations are amplified, the hydrodynamical approch is used. The 
inflationary stage is completely characterized by the deviation of the equation 
of state from cosmological constant which is a smooth function of the number 
of e-folds until the end of inflation. It is shown that in this case the spectral 
index should deviate from the flat one at least by 3 percent irrespective of any 
particular scenario. Given the value of the spectral index the lower bound on 
the amount of the gravitational waves produced is derived. Finally the rela- 
tion between effective hydrodynamical description of inflation and inflationary 
scenarios is discussed. 



1 Introduction 



It was discovered in 1980 that the quantum fluctuations of the metric can explain 
the observable structure of the universe if and only if the expanding universe 
went through a stage of cosmic acceleration [T]. The spectrum of these pertur- 
bations in the range of observable scales was calculated for the first time in [2] . 
About the same time it was realized that in order to understand the large scale 
homogeneity and isotropy of the observable universe one also needs a stage of 
accelerated expansion, cosmic inflation [3]. At present there exist hundreds of 
different inflationary scenarios. To understand what theory of quantum fluc- 
tuations really predicts and how to extract the parameters, characterizing the 
inflationary stage, from observations it is convenient to describe inflation using 
the effective hydrodynamical approach. In this approach the state of the matter 
is entirely characterized by its energy density e and the pressure p. In this note I 
will only consider the predictive inflationary theory, when both the acceleration 
and the perturbations are due to the same matter component. There exist many 
models where one kind of matter is responsible for acceleration and the other 
for perturbations. In these models nearly any outcome of the measurements can 
be accommodated making them experimentally non falsifiable and therefore of 
no great interest. Indeed a theory makes sense only if it makes non-trivial pre- 
dictions which can be confirmed or disproved by measurements and the best 
theory is the theory with the minimal number of parameters. In fact, there is 
no need to involve more parameters unless there appears an obvious contradic- 
tion with experimental data or there exist deep theoretical reasons for doing so. 
Because the theory of simple inflation is in excellent agreement with the present 
observations it is enough to restrict ourselves to this predictive theory. 

2 Robust predictions 

We assume that in the past the universe went through a stage when matter 
with equation of state p ~ —e was dominating and, hence, the universe was 
accelerating. A cosmological constant corresponding to p — —e cannot serve our 
purpose because finally one has to have a graceful exit from inflation. Therefore, 
from the very beginning there should be small deviations of the equation of 
state from the cosmological constant, i.e., (e+p)/e <C 1, but nonvanishing. 
This ratio, which at the beginning should be small enough to provide us the 
necessary duration of inflation, grows until it becomes of order unity when 
inflation ends through a graceful exit to decelerated expansion. One can realize 
the needed equation of state using the condensates of scalar fields, the R 2 gravity 
and in some other ways. The key point is that the microscopic origin of the 
dark energy does not play a crucial role regarding the major predictions of the 
quantum cosmological perturbations theory. Everything we need is a "decaying 
cosmological constant" . 

To describe how this "cosmological constant" decays we will use as a time 
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parameter the number of e-fold N left to the end of inflation, defined as 



a — a,f exp (— N) , (1) 

where a is the scale factor and ay is its value at the end of inflation when 
(e + p) /e ~ 0(1) - For observations the relevant interval of N is not very large, 
namely, N < 70. Moreover, the spectrum of fluctuations observed in CMB corre- 
sponds to even smaller interval, N ~ 50 — 60. Making the reasonable assumption 
that during this rather short range of N the change of the equation of state 
is monotonic and smooth and taking into account that (e + p) je ~ 0(1) at 
N = 0, it is rather natural to approximate the equation of state by 

where a and (3 are both positive and of order unity. Within this set up, irrespec- 
tive of the initial conditions for the perturbation^]], concrete robust predictions 
for observations can be derived. What are these predictions? 

First of all if inflation last more than 70 e-folds the cosmological parameter 
fl should be equal to unity within an accuracy about 10 -5 , which means that 
at present the universe has a flat Euclidean geometry. This prediction was first 
confirmed only at the end of 90th with the discovery of dark energy. Note that 
the experimental data before were in strong disagreement with it. 

The other set of the robust predictions concerns the amplified quantum 
fluctuations [2J. More concretely: 

-The produced inhomogeneities should be adiabatic. I would like to stress 
that about thirty years ago the observational data were more supportive for 
entropy perturbations. However, nowadays they are ruled out by the precision 
CMB measurements, which confirmed the adiabatic nature of the primordial 
inhomogeneities . 

-The primordial inhomogeneities are nearly Gaussian. This is because they 
were originated as the result of amplification by the external classical gravi- 
tational field of the initial gaussian fluctuations. The expected corrections to 
the gaussian gravitational potential $ g , due to nonlinear corrections to the lin- 
earized Einstein equations are of order O (1) that is, $ = $ g + Jnl^- The 
present experimental bound —10 < Jnl < 70 is in agreement with the predic- 
tion of the theory, according to which Jnl is expected to be about ten. The 
forecasted accuracy of the Planck mission AJ^l — 5 will allow us to improve 
further the measurements of the non-gaussianity. 

-The most nontrivial prediction for the perturbations is a weak scale depen- 
dence of the amplitude of the gravitational potential $. Namely, the amplitude 
of <!> must logarithmically depend on the scale A and grow towards the larger 



1 It is often mistakenly stated in the literature that one has to postulate the initial "Bunch- 
Davies vacuum" for the cosmological perturbations. In fact assuming that duration of inflation 
lasts longer than 70 e-folds the spectrum generated in the observable scales does not depend on 
the initial conditions for the perturbations provided that they do not destroy via backreaction 
the inflationary stage from the very beginning. 
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scales. Within the observable range of scales the logarithm can be approximated 
by $ 2 oc A 1- ™ 3 . The rather generic formula for the spectral index n s is [4]: 

„ J -l = -3(l + f) + A ln ( 1 + £). (3 ) 

For a monotonic change of the equation of state both terms are negative and 
hence inflation always predicts the red-tilted spectrum. Substituting @ into 
we find that 

Us (N+l) a (N+l) [ ' 

For a < 1 the first term on the r.h.s. dominates, while for a > 1 the second term 
is more important. In case of a = 1 both terms give a comparable contribution. 
Considering n s — 1 as a function of a we find that the minimal deviation from 
the flat spectrum (n s = 1) corresponds to 

1 , In (3/3 In (AT + 1)) 
" = 1+ ln(iV+l) ■ (5) 

Substituting this expression in (j4|) we will find that inflation predicts that the 
deviation of the spectral index from unity must be larger than 

/ ln(3foIn(iV + l)A 1 ^ 

n -' 1 = 'l 1+ maT+I) JWTTy (6) 

Taking 3/3 = 1 (j3 cannot be much smaller that unity) and noting that TV = 50 
for the scales where this spectral index is measured, we find that the predicted 
spectral index should be smaller than n s — 0.968. The logarithmic spectrum 
obtained in [2] corresponds to n s = 0.96 and this prediction is in good agree- 
ment with the most recent measurements of the CMB fluctuations [5 , which 
give n s — 0.9690 ± 0.0089 and confirm the logarithmic dependence of the grav- 
itational potential at the level of 3,5cx. This logarithmic dependence has a deep 
physical origin since it is due to the small deviation of the equation of state 
from cosmological constant needed for a graceful exit. 

If any of the above predictions would contradict to the observations then 
inflation as a predictive theory (sometimes called simple inflation) would be 
ruled out. 

-One more robust prediction of inflation is the existence of the longwave 
gravitational waves [6]. The ratio of the tensor (T) to scalar mode (S) can also 
be expressed in terms of the equation of state (see [4]): 

r-l-ud + l)- 24/3 (7) 

One can immediately see that taking, for instance, a = 2 we can reduce the 
amount of the longwave gravitational waves by a factor N — 50 compared to 
the case a = 1. Hence, the particular value of the ratio r is not predicted by 
generic theory of inflation. However, after spectral index n s is measured one can 
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establish most likely lower bound on the amount of the generated gravitational 
waves. This bound does not depend on the particular inflationary scenario. In 
fact, for a > 1, 

n,-l*~, (8) 

and if, for instance, the measured value n s ~ 0.96, then a cannot be larger than 
2 and, hence, the lower bound on r is 

r = 24/3 2 ~ 10- 2 /3, (9) 
(7V + 1) 2 

where /? is of order unity. For the spectral index n s ~ 0.94 the amount of the 
gravity waves can be further suppressed by a factor 50. Hence, the non-detection 
of the gravitational waves in the current CMB measurements does not rule out 
the predictive inflationary theory, but on the other hand their detection would 
provide an extra strong evidence for inflation. 

I would like to stress that the model independent predictions above are ex- 
tremely nontrivial and were for a long time in conflict with observations. For 
example, in the 80th, along with the theory of quantum initial perturbations 
there were competing theories of cosmic strings, textures and entropy pertur- 
bations, which sometimes were even more favorable from the point of view of 
observations. However, now all these theories are ruled out and only the the- 
ory of quantum cosmological perturbations with all its nontrivial predictions 
is confirmed by observations. Moreover, although there are still claims in the 
literature that there are alternatives to inflation, there is no any alternative to 
the quantum origin of the universe structure. 

After the origin of the universe structure from quantum fluctuations is con- 
firmed one can ask the question how much can we really learn about fundamental 
physics making precise measurements of the parameters a and /3. 



3 Slow roll inflation 



Assuming that inflation is due to the slow roll scalar field with a standard ki- 
netic energy term we will determine the scalar field potentials, which correspond 
to different values of a and /?. Keeping in mind that the energy density dur- 
ing inflation is approximately equal to the potential, that is, e ~ V (ip) , we 
first determine how the energy density depends on N. The energy conservation 
equation 

e = -3H(e+ P ), (10) 



where H = a/a and the dot denotes the time derivative, can be rewritten as 
dine / p\ 3/3 
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Integrating this equation we obtain 



f £ f (iV + l) 3/3 , a = l, 

(12) 

To determine the slow roll potential V (ip) ~ e we have to express N in terms 
of the scalar held tp. With this purpose we write 



" V ' •"' <\ ■ '-). (13) 



dN -H V 8tt V e 

where we have taken into account that e + p = ip 2 and H 2 = 8ire/3 (in the 
Planck units). Substituting here ([2]) and integrating the resulting equation we 
find 



N + 1 = 



exp (±^fffe, + C) 



a = 2, 



§(2 -a) " Q (±<^ + C)^, a ^2, 



(14) 



where C is a constant of integration. 

Let us consider the cases a = 1 , a = 2 and 1,2 separately. 
- a = 1 

Taking into account that during slow roll V (ip) ~ e and combining (|12p and 
CEH) we find that 

/ \ 6/3 

v^-F^yy , as) 

where ^/ = (3^/2tt) 1/2 . Thus, the case of a = 1 corresponds to chaotic infla- 
tionary scenarios with the power law potentials [7] . In this case both terms in 
^ give comparable contributions to spectral index, which becomes 

n s — 1 — , 16 

N+l V ' 

and the amount of the gravitational waves produced is rather substantial 

24/3 

r = . 

N+l 



(17) 



For instance, for the massive scalar field (3/3 = 1) we have n s ~ 0.96 and r ~ 0.16 
for N = 50, while in the case 3/3 = 2, that is, for quartic potential n s — 0.94 
and r ~ 0.32. The measured value of the spectral index n s = 0.9690 ± 0.0089 
and the upper bound on the amount of the gravitational waves seems disfavor 
the quartic potential at rather high significance level. The model of massive 
scalar field predicts the spectral index to be in agreement with observations, 
but the amount of the produced gravitational waves seems too high although 
one cannot yet definitely rule out this model [8]. 
-a = 2 
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In this case the second term in ^ dominates. The spectral index does not 
significantly depends on ft and is equal to 



71a — 1 — • 

N 



(18) 



For N — 50 the spectral index n s ~ 0.96 and the amount of the gravitational 
waves r ~ 10~ 2 /3 are both in very agreement with observations. As it follows 
from (fT2"|) and (fH| this case corresponds to the following slow roll potential 



V ((p) ~ Vq exp I —3/3 exp 




(19) 



Taking properly the constant of integration C and expanding this potential for 
large <p 



V (if) ~ V 

- Vq 



, 3ft ( [8tt . 
ex P ( — 2 ex P \\jzft( Lp + C > 



1 — exp 



(20) 



we immediately recognize, for ft = 1/2, the i? 2 — inflation [5] and Higgs infla- 
tion |10j . which are indistinguishable experimentally. They predict not only 
the same spectral index but also exactly the same amount of the gravitational 
waves r = 12/ (JV + l) 2 ~ 5 x 10 -3 . The other models in this class correspond 
to different values of ft and can be distinguished only by the amount of the 
produced gravitational waves. 
a? 1,2 

In this case the potential is 



V (<p) ~ V exp 



3/3 (In ln , 2 \ 1 



1 \2,ft 



(2 - a) if* 



(21) 



First of all note that if a = then 1+ p/e = ft and for /3 <C 1 we have inflation 
which continues forever without graceful exit. As one can see from (f2Tj) this 
case corresponds to the exponential potential V ((f) ~ Vb exp (y/12nfttp) . To 
understand the difference between the cases < a < 1, 1 < a < 2 and a > 2 
we will consider separately a — 1/2,3/2 and a = 3. As one can see from (|14[) 
the first two cases correspond, as before, to large field inflation, while in the 
third case we have small field inflation. 
For a — 1/2 the potential becomes 



V (ip) ~ Vq exp (6tt 1/3 (^) 2/3 



(22) 



and for ip > 1 it satisfies the slow roll conditions. For instance, in case when 
3/3 = 1, the spectral index n s ~ 0.85 and r ~ 1.13 are in obvious contradiction 
with observations. 
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The case a = 3/2 corresponds to the potential 

^.^(-^^(l-W), (23, 

for ip > 1, where this potential is trustable. The situation here is similar to a — 2 
case, where for large </? the potential approaches a constant value exponentially 
fast. Here this constant is approached only as an inverse power law. The 
spectral index n s ~ 0.967 and r ~ 2 x 10 -2 in good agreement with observations. 
It seems that taking into account the possible accuracy of the measurements, 
the uncertainty in N due to unknown detailed physics after inflation and the 
remaining freedom in the choice of /3 one will never be able to distinguish the 
models described by potentials of type (IT9l) and (|23|) even if one will ever measure 
the gravitational waves. On the other hand, the models with potentials as 
in (|15|) and (|22j) seems could soon be ruled out even if one only improve the 
accuracy of the determination of the spectral index and the upper bound on 
r, for instance, in Planck experiment. Therefore, although non-decisive for 
selecting a particular scenario the precision measurements are very useful for 
excluding the whole families of inflationary scenarios. 
Finally let us consider the case of a = 3, 

V ( V ) ~ V exp (-f^V) * V (l - |^ 4 ) (24) 

Here inflation occurs at small values of scalar field. The spectral index corre- 
sponds to n s ~ 0.94 and the amount of the gravity waves is further suppressed 
by N compared to a = 2 case, namely, r = 24(3/ (N + l) 3 ~ 6 x 10~ 5 for 3/3 = 1. 

The potentials above approximate the inflationary potential only in the range 
of slow roll regime, or even more conservatively within last 70 e-folds of inflation. 
It is clear that outside this range they can be changed rather arbitrarily. 



4 k- Inflation 

Until now we have characterized inflation only by one function, namely, by in- 
dependence of deviation of the equation of state from cosmological constant. 
However, yet remaining in one fluid approximation one can introduce the other 
natural parameter which describes this fluid, namely, the speed of propagation 
of cosmological perturbations, or in other words, the speed of sound c s , which 
naturally arises in k- inflation [TTj . At present to explain the observations there 
is no need to assume that c s is different from unity. However, because slow roll 
and k-inflation scenarios belong to the same class of simplicity it is interesting 
to check how this extra parameter will influence the robust predictions above. 
In case of c s ^ 1 the formulae and are modified as [1]: 



1 = -3 1 



dN 



In 



('+!) 



(25) 
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and 

r = | = 24c s (l + f ) • (26) 
We can parametrize k-innation with 

1+ rw Cs = ^Ti7' (27) 

where (5 > because the speed of sound generically grows towards the end of 
inflation [11], and 7 is now an arbitrary positive number not necessarily of order 
unity. The expression for the spectral index becomes 

3/3 a + 6 

ns - 1 = -WTW~WTTy (28) 

and because S is positive the conclusion about minimal deviations of the spectral 
index from unity remains unaltered. On the other hand it looks like the tensor 
to scalar ratio 

r= 24/ V (29) 
(N + l) a+S 

can be made arbitrarily small because 7 is not needed to be of order unity 
and as a result the lower bound on the amount of gravitational waves will 
disappear. However, it is not so. In fact, too small speed of sound induces too 
large primordial non-gaussianities of order /jvl — 0(1) /c 2 s . Therefore taking 
the experimental bound on /jvl < 80 [8] , we conclude that the speed of sound 
cannot be much smaller than 0.1 and hence for the spectral index n s ~ 0.96 the 
lower bound on r (see ((9j) ) is not modified more than by an order of magnitude 
at maximum. 



5 Discussion 

We have shown that the majority of inflationary scenarios can be parametrized 
by two numbers and using this we were able to prove the bound on the minimal 
deviations of spectral index from unity and to obtain the lower bound on the 
amount of the gravitational waves produced. Although primordial gravitational 
waves are not yet detected, the experimental confirmation of the flatness of 
the universe, adiabatic nature of nearly gaussian perturbations and the discov- 
ered (at 3,5 sigma level) logarithmic tilt of the spectrum unambiguously prove 
the quantum origin of the universe structure and the early cosmic acceleration. 
Needless to say that all these predictions, which were yet in conflict with obser- 
vations about 15 years ago, are very nontrivial. Given that the quantum origin 
of the universe structure is experimentally confirmed, the precision measure- 
ments already now allow us to exclude many inflationary scenarios existing in 
the literature. Moreover, the improved accuracy of the determination of spectral 
index, the bound (or detection) on non-gaussianity and the bound (or possible 
future detection) on primordial gravitational waves will allow us to put further 
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restrictions on the admissible inflationary scenarios. However, this seems will 
not help us too much in recovering the fundamental particle physics behind 
inflation. In fact, the observational data only allow us to measure only the 
effective equation of state and the rate of its change in a rather small interval 
of scales. Keeping in mind unavoidable experimental uncertainty, the effect of 
unknown physics right after inflation and degeneracy in the scenarios discussed 
above we perhaps will never be able to find out the microscopical theory of infla- 
tion without further very essential input from the particle physics. On the other 
hand, the remarkable property of the theory of quantum origin of the universe 
structure is that the gravity seems does not care too much about microscopic 
theory providing needed equation of state, and allows us to make experimentally 
verifiable predictions. 
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